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1 Introduction

Gauge symmetry based on Lie algebra [1] has a rather long history and it has success-

fully described weak and strong interactions in the nature. The non-Abelian Lie algebra

gauge symmetry on the worldvolume of multiple D-branes was also a crucial ingredient

in the recent developments in non-perturbative string theory. It was also essential in the

matrix model proposals [2, 3] which use dimensionally reduced super Yang-Mills theory

for definition.

Filippov n-algebra [4] is a natural generalization of Lie algebra. It began to attract

wide attention from physicists recently after it appeared in a candidate model for multiple

M2-branes [5–8]. Considering these recent developments, it will be interesting to look for

other situations where Filippov n-algebra plays a role.1

In this paper, we study generalizations of reduced super Yang-Mills theory obtained by

replacing the Lie algebra structure to Filippov n-algebra, and examine when the reduced

actions are supersymmetric. Reduced model is a candidate framework for a constructive

definition of fundamental theory [3], and supersymmetry is expected to be a vital element

in such a framework.

Another motivation for this study comes from a trial to relate the multiple M2-brane

action with some covariant formalism, possibly the single M5-brane action [11–15] (see

1Nambu bracket [9], which can be used to define a classic example of Filippov 3-algebra, has been studied

from earlier times. Quantization of Nambu bracket has also been a subject of interests. See e.g. [10] and

references therein about these topics.
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also [16]). In particular, ref. [14] studied this issue from the viewpoint of space-time super-

symmetry algebra. Although results in the above works suggest such a relation, complete

understanding is still missing. In this paper, we will show that our reduced models have

the same structure with a covariant Green-Schwarz type supermembrane action written

in the membrane analogue of the Schild action [17]. This result will be a useful guide for

understanding the above issue.

2 Filippov n-algebra

In this section we briefly review the necessary ingredients of Filippov n-algebra. The

presentation in this section closely follows ref. [18].

Filippov n-algebra [4], also known as n-Lie algebra, is a natural generalization of Lie

algebra. (In this paper we will sometimes call it just n-algebra for short.) For a linear

space V =
∑dimV

a=1 vaTa; va ∈ C, Filippov n-algebra structure is defined by a multi-linear

map which we call n-bracket [∗, · · · , ∗] : V⊗n → V satisfying the following properties:

1. Skew-symmetry:

[Aσ(1), · · · , Aσ(n)] = (−1)|σ|[A1, · · · , An]. (2.1)

2. Fundamental identity:

[A1, · · · , An−1, [B1, · · · , Bn]]=

n∑

k=1

[B1, · · · , Bk−1, [A1, · · · , An−1, Bk], Bk+1, · · · , Bn].

(2.2)

In terms of the basis Ta, n-algebra is expressed in terms of the structure constants:

[Ta1 , · · · , Tan ] = ifa1···an

bTb. (2.3)

We introduce inner product as a bi-linear map V × V → C:

〈Ta, Tb〉 = hab. (2.4)

The symmetric tensor hab will be called metric of the n-algebra in the following.

We impose invariance of the metric

〈[Ta1 , · · · , Tan−1 , Tb], Tc〉 + 〈Tb, [Ta1 , · · · , Tan−1 , Tc]〉 = 0. (2.5)

This implies the tensor

fa1···an+1 ≡ fa1···an

bhban+1 (2.6)

to be totally anti-symmetric.

We define Hermitian conjugation as follows:

[A1, · · · , An]† = [A†
n, · · · , A†

1]. (2.7)

– 2 –



J
H
E
P
0
5
(
2
0
0
9
)
0
7
0

3 Supersymmetric reduced model actions with a symmetry based on

Filippov n-algebra

IIB matrix model [3] is defined as a large N reduced model of ten dimensional super

Yang-Mills theory. Its action is given by

S =
1

4
〈[XI ,XJ ], [XI ,XJ ]〉 +

1

2
〈Ψ̄,ΓI [X

I ,Ψ]〉. (3.1)

Here, XI (I = 1, · · · , 10) is a vector in ten dimensional flat target space-time and Ψ

is a space-time Majorana-Weyl spinor, both take values in U(N) Lie-algebra. ΓI ’s are

gamma matrices in ten dimension. Repeated vector indices are contracted by space-time

metric ηIJ = diag(+,−, · · · ,−). We have used the Filippov n-algebra notations (n = 2 for

ordinary Lie algebra) described in the previous section. The inner product is given by the

invariant trace of the Lie algebra.

The action (3.1) is invariant under the following supersymmetry transformation:

δXI = iǭΓIΨ,

δΨ =
i

2

[
XI ,XJ

]
ΓIJǫ. (3.2)

A natural generalization of the action (3.1) based on Filippov (p+1)-algebra would be

S =
1

2(p+ 1)!
〈[XI1 , · · · ,XIp+1 ][X

I1 , · · · ,XIp+1 ]〉 +
σ

2
〈Ψ̄,ΓI1···Ip [X

I1 , · · · ,XIp ,Ψ]〉. (3.3)

Here σ is a factor 1 or i determined from the Hermiticity of the action. XI (I = 1, · · · ,D)

is a vector in D-dimensional flat target space-time and Ψ is a space-time spinor, both take

value in (p + 1)-algebra. ΓI ’s are D dimensional gamma matrices satisfying

ΓIΓJ + ΓJΓI = 2ηIJ , (3.4)

where ηIJ is now D-dimensional flat metric with ηIJ = diag(

t
︷ ︸︸ ︷

+, · · · ,+,
s

︷ ︸︸ ︷

−, · · · ,−). We

allow the number of the time-like directions to be general t. ΓI1···Ip is an anti-symmetrized

product of gamma matrices with “strength one”.

The action (3.3) is invariant under a transformation

δΦa = Λa1···apfa1···apb
aΦb, Φa = XIa,Ψa, (3.5)

due to the fundamental identity (2.2) and the invariance of the inner product (2.5). This is

a natural generalization of the dimensionally reduced gauge symmetry of the action (3.1).

In this paper, we examine in which case the following supersymmetry transformation

δXI = c1ǭΓ
IΨ,

δΨ = c2
[
XI1 , · · · ,XIp+1

]
ΓI1···Ip+1ǫ, (3.6)

leaves the action (3.3) invariant. Here, c1 and c2 are coefficients to be adjusted. We will keep

the Filippov algebra to be general, i.e. we will not use any property specific to a particular

– 3 –
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Filippov algebra. The conditions we may impose on fermions are the standard ones, i.e.

(pseudo-)Majorana condition and Weyl condition. We will not consider projections on

fermions which break the SO(t, s) Lorentz symmetry. In order for the second term in

the action (3.3) to be not identically zero, when we impose Weyl condition on fermions

t+ p must be even, and when fermions are Majorana-spinors ΓI1···IpC must be symmetric

in spinor indices. Here, C is the charge conjugation matrix. The properties of gamma

matrices and spinors in diverse dimensions are summarized in appendix A.

Let us first study the variation of the action which has one fermion. The variation of

the second term in the action (3.3) containing one fermion has a form

〈ǭΓJ1···Jp+1ΓI1···Ip [XJ1, · · · ,XJp+1 ][XI1 , · · · ,XIp ,Ψ]〉
= −〈ǭΓJ1···Jp+1ΓI1···Ip [XI1 , · · · ,XIp , [XJ1 , · · · ,XJp+1 ]]Ψ〉, (3.7)

where we have used the invariance of the inner product (2.5). One can rearrange the

ordering of the gamma matrices into a sum of totally anti-symmetrized gamma matrices

using (3.4):

ΓJ1···Jp+1Γ
I1···Ip = ΓJ1···Jp+1

I1···Ip

+(−)pδ
[I1
[J1

ΓJ2···Jp+1]
I2···Ip]

+δ
[I1
[J1
δI2
J2

ΓJ2···Jp+1]
I3···Ip]

+ · · ·
+(−)pδ

[I1
[J1

· · · δIp]
Jp

ΓJp+1], (3.8)

where the square brackets on Lorentz indices denote total anti-symmetrization with appro-

priate “strength” (it will be relevant only for the last term). On the other hand, using the

fundamental identity (2.2) one can show

ΓI1···IrJ1···Jr+1[A1, · · · , Ap−r,XI1 , · · · ,XIr , [A1, · · · , Ap−r,XJ1 , · · · ,XJr+1]] = 0, (3.9)

for r 6= 0, with pairs of the same entries A1, · · · , Ap−r. Due to (3.9) the terms from (3.7)

arising from the rearrangement of the gamma matrices (3.8) mostly vanish; only the r = 0

term remains which cancels the similar term coming from the variation of the first term in

the action (3.3).

Next, let us examine the variation of the action containing three fermions. Since

the structure constant fa1···ap+1
b is anti-symmetric in indices a1 · · · ap+1 due to the skew-

symmetric property (2.1), the variation containing three fermions vanishes when

(ΓI)
α

β

(
ΓIJ1···Jp−1

)γ
δΨ

[a1

β Ψ̄a2
γ Ψ

a3]
δ = 0, (3.10)

where the square bracket denotes the total anti-symmetrization in the (p + 1)-algebra

indices. (3.10) is equivalent to

(ΓIP )α(β

(
ΓIJ1···Jp−1P

)γ
δ) = 0, (3.11)

– 4 –
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D t p Ψ nf θ nθ

4 2 2 (pseudo-)Majorana-Weyl 2 (pseudo-)Majorana 4

5 2 2 Majorana 4 Dirac 8

5 3 2 pseudo-Majorana 4 Dirac 8

6 3 3 (pseudo-)Majorana-Weyl 4 Weyl 8

Table 1. The dimension of the target space-time D and the number of its time-like dimensions t

where the supersymmetric reduced model with (p+1)-algebra symmetry and corresponding Green-

Schwarz type super p-brane exist. The column under Ψ is the spinor property of the fermions in

the supersymmetric reduced models and nf is the spinor size of Ψ, and the column under θ is the

spinor property of the space-time spinor fields θ of the corresponding Green-Schwarz type super

p-branes and nθ is its spinor size.

when Ψ’s are complex spinors, where P is a chiral projection when Ψ’s are Weyl spinors

and 1 otherwise, and

(ΓICP )α(β

(
ΓIJ1···Jp−1CP

)

γδ)
= 0, (3.12)

when Ψ’s are (pseudo-)Majorana(-Weyl) spinors. From an argument similar to the one

in [19], when (3.10) is satisfied it follows that

D − p− 1 =
1

2
nf , (3.13)

where nf is the spinor size of the fermions Ψ counted in the real number.2 We provide a

proof in the appendix B. One can also check that (3.13) is a sufficient condition for (3.10)

to vanish by expanding the left hand side of (3.11) or (3.12) by complete basis of matrices

with indices α and β. We list the cases with p ≥ 2 when (3.10) is satisfied in table 1 (p = 1

case is the ordinary Lie-algebra case which can be easily included). The columns for θ and

nθ in the table are about corresponding super p-branes which we will discuss in section 5.

We explicitly write down the supersymmetric reduced model action in the case of

D = 4, t = 2, p = 2 with pseudo-Majorana-Weyl conditions on fermions:

S =
1

6
〈[XI ,XJ ,XK ][XI ,XJ ,XK ]〉 +

1

2
〈Ψ̄ΓIJ [XI ,XJ ,Ψ]〉. (3.14)

The supersymmetry transformation is given by

δXI = iǭΓIΨ,

δΨ =
i

6

[
XI ,XJ ,XK

]
ΓIJKǫ. (3.15)

2When Dirac spinors have n
C

D = 1
2
n

R

D spinor components, by the size of the spinor counted in

real number we mean n
R

D. (pseudo-)Majorana condition or Weyl condition reduces size of spinors by

half: (pseudo-)Majorana spinors and Weyl spinors have size 1
2
n

R

D and (pseudo-)Majorana-Weyl spinors

have size 1
4
n

R

D.

– 5 –
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The case with Majorana-Weyl fermions is similar, with appropriate modifications in the

coefficients in (3.15).3

4 Super Poincaré algebra

In the previous section we called the fermionic transformation (3.15) “supersymmetry trans-

formation”, since it is an analogue of the supersymmetry of the reduced model of super

Yang-Mills theory. However, we haven’t shown its relation to the standard supersymmetry

algebra, namely super Poincaré algebra. Let us examine this point in this section.

We again take the case D = 4, t = 2, p = 2 for explicitly. Other cases are similar.

In (3.14), the fermions are pseudo-Majorana-Weyl spinors:

CΨ̄T = Ψ, P+Ψ = Ψ, (4.1)

where

P± ≡ 1 ± Γ5

2
, Γ5 ≡ Γ1Γ2Γ3Γ4. (4.2)

It is important to notice that when the 3-algebra has a central element, there is a fermionic

shift symmetry:4

δ+X
I = 0, δ+Ψa = δa⊙ǫ+, (4.3)

where ⊙ denotes the central element: [T⊙, Ta, Tb] = 0 for ∀Ta, Tb. The commutation

relations of the two fermionic transformations turn out to be
(

δ+

(

ǫ
(1)
+

)

δ+

(

ǫ
(2)
+

)

− (1 ↔ 2)
)

Φ = 0, Φ = XI ,Ψ, (4.4)

(δ+ (ǫ+) δ− (ǫ−) − δ− (ǫ−) δ+ (ǫ+))XIa = δa⊙iǭ−ΓIǫ+, (4.5)

(δ+ (ǫ+) δ− (ǫ−) − δ− (ǫ−) δ+ (ǫ+))Ψ = 0,
(

δ−

(

ǫ
(1)
−

)

δ−

(

ǫ
(2)
−

)

− (1 ↔ 2)
)

Φa = Λa
bΦb, (4.6)

where

Λa
b = if bcd

aX
K
c X

L
d ǭ

(1)
− ΓKLǫ

(2)
− . (4.7)

Here, δ+(ǫ+) and δ−(ǫ−) denote the fermionic shift (4.3) with parameter ǫ+ and super-

symmetry transformation (3.6) with parameter ǫ−, respectively. (4.5) is a translation in

the target space-time. Thus the supersymmetry transformation (3.15) together with the

fermionic shift (4.3) form target space-time super Poincaré algebra, modulo the right hand

side of (4.6) which has a form of the symmetry transformation (3.5). We will use Nmin to

3Actually in the action (3.14), the difference between Majorana-Weyl fermions and pseudo-Majorana

fermions is just a matter of convention: The difference arises from the choice of the charge conjugation matrix

Cη′=1 (for Majorana fermions) or Cη′=−1 (for pseudo-Majorana fermions) in (A.2) in the appendix A, which

are related as Cη′=1 = Γ5Cη′=−1. Using the Weyl condition on fermions, one can see that the action for

pseudo-Majorana-Weyl fermions and that for Majorana-Weyl fermions are exactly the same.
4The role of the fermionic shift symmetry in the multiple M2-brane model was studied extensively in [14].

– 6 –
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count the number of supersymmetry in the unit of the minimal spinor. In this notation,

our model has Nmin = 2 space-time supersymmetry when there is a central element in

the algebra, since the minimal spinor in D = 4, t = 2 is (pseudo-)Majorana-Weyl spinor.

However, as can be seen from (4.5) it is not possible to construct Nmin = 1 space-time

super Poincaré algebra in four dimension by using just one minimal spinor. In this sense

Nmin = 2 supersymmetry is minimal in D = 4, t = 2 and hence it is what should be called

N = 1 supersymmetry.

So far we have been studying super Poincaré algebra in four dimension. However, the

supersymmetry transformation (3.15) can form super Poincaré algebra in three dimension

when particular background is chosen. As an example, let us choose the 3-algebra to be

Nambu-Poisson bracket in R2,1:

[f(y), g(y), h(y)] = iǫijk∂if(y)∂jg(y)∂kh(y), (4.8)

〈f(y), g(y)〉 =

∫

d3yf(y)g(y), (4.9)

where yi (i = 1, 2, 3) are flat coordinates on R2,1 and ǫijk is the Levi-Civita symbol. We

consider following background configuration:

XI(y) = yI (I = 1, 2, 3),

X4(y) = 0. (4.10)

Then, (4.7) becomes

(

δ−

(

ǫ
(1)
−

)

δ−

(

ǫ
(2)
−

)

− (1 ↔ 2)
)

Φ̃ ∼ ǫijkǭ
(1)
− Γjkǫ

(2)
− ∂iΦ̃ + · · · , (4.11)

where Φ̃ are fluctuation of the fields around the background (4.10). To see this is a super

Poincaré algebra in three dimension, one decomposes gamma matrices and supersymmetry

transformation parameters to those for three dimension. Then (4.11) can be rewritten as

(

δ−

(

ζ(1)
)

δ−

(

ζ(2)
)

− (1 ↔ 2)
)

Φ̃ ∼ ζ̄(1)γiζ(2)∂iΦ̃ + · · · , (4.12)

where · · · can be combined into a form of gauge transformation [12] and γi i = 1, 2, 3 and

ζ are gamma matrices and supersymmetry transformation parameters in three dimension.

To keep Φ̃ = 0 configuration to preserve supersymmetry, one also needs to combine the

fermionic shift (4.3) [12]. Thus in the background (4.10) the supersymmetry transforma-

tion (3.15) appropriately combined with the fermionic shift (4.3) can be regarded as super

Poincaré symmetry in three dimension.

5 Relation to Nmin = 2 super p-branes

In this section we show that our supersymmetric reduced model actions can be related

to Green-Schwarz type Nmin = 2 super p-action in the Schild-type form, parallel to the

– 7 –
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relation between the large N reduced model action of super Yang-Mills theory and Green-

Schwarz superstring action [3] (see also [20, 21] for related ealier works).5 To be explicit,

we again take D = 4, t = 2, p = 2 case as an example. Discussions are parallel in other

cases listed in table 1.

The super p-brane action with p = 2, i.e. the supermembrane action is given by [19, 23]

SGS =

∫

d3y

(
1

2

√−ggijEI
i E

J
j ηIJ − 1

2

√−g + ǫijkEA
i E

B
j E

C
k BCBA

)

, (5.1)

where we take the worldvolume signature as (+ + −) and A = (I, α), and

EI
i = ∂iX

I − i

2
θ̄ΓI∂iθ, Eα

i = ∂iθ
α. (5.2)

Here, θ is a pseudo-Majorana spinor in D = 4, t = 2 target space-time:

Cθ̄T = θ. (5.3)

BABC is determined from dB = H and dH = 0, where

B =
1

3!
EAEBECBABC ,

H =
1

4!
EAEBECEDHABCD, EA = EA

i dy
i, (5.4)

and the only non-zero components of HABCD are those with two spinor and two vector

indices:

HαβIJ = − i

6

(
C−1T ΓIJ

)

αβ
. (5.5)

The closure of H is equivalent to the identity

(ΓIC)(αβΓIJCγδ) = 0. (5.6)

From this condition one obtains the matching of on-shell degrees of freedom between bosons

and fermions when 2 < p+ 1 < d [19]:

D − (p + 1) =
1

4
nmin Nmin, (5.7)

where nmin is the dimension of the minimal spinor. (5.7) is satisfied for p = 2, D = 4,

Nmin = 2 with pseudo-Majorana-Weyl spinor as the minimal spinor; nmin = 2. Indeed, one

can show that (5.6) is satisfied in this case.

The action (5.1) is invariant under the following global space-time supersymmetry

transformation:

δXI =
i

2
ǭΓIθ, δθ = ǫ. (5.8)

5Green-Schwarz type supermembrane actions with general space-time signatures have been studied

in [22]. However, there study was restricted to Nmin = 1 case in our terminology, and Nmin = 2 su-

persymmetry which we discuss in this paper was not considered there.

– 8 –
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In terms of the minimal spinor, the action has Nmin = 2 non-chiral space-time supersym-

metry.

The action (5.1) also has the local fermionic gauge symmetry:

δXI =
i

2
θ̄ΓI(1 + Γ)κ, δθ = (1 + Γ)κ, (5.9)

where

Γ ≡ 1

3!
√−g ǫ

ijkEI
i E

J
j E

K
k ΓIJK. (5.10)

The transformation law for the worldvolume metric gij can be determined as in [23]. To

relate the supermembrane action with our reduced model action (3.14), we fix the fermionic

gauge symmetry by the condition6

P−θ = 0, (5.11)

where

P± ≡ 1

2
(1 ± Γ5), Γ5 = Γ1Γ2Γ3Γ4. (5.12)

The supersymmetry transformation must be combined with the global part of the fermionic

gauge transformation to maintain the gauge condition (5.11). Then the supersymmetry

transformation becomes

δXI = iǭ−ΓIΨ, (5.13)

δΨ = ǫ+ − Γǫ−, (5.14)

where Ψ = P+θ. After the gauge fixing (5.11), the action takes the form

SGS =

∫

d3y

(
1

2

√−ggij∂iX
I∂jX

JηIJ − 1

2

√−g − i

4
ǫijk∂iX

I∂jX
J Ψ̄ΓIJ∂kΨ

)

. (5.15)

This action is classically equivalent to the following Schild type action:

SSchild =
1

2

∫

d3y w(y)

(

−1

6
{XI ,XJ ,XK}{XI ,XJ ,XK} − 1

2
Ψ̄ΓIJ{XI ,XJ ,Ψ} + 1

)

,

(5.16)

where w(y) is identified with the volume density and {∗, ∗, ∗} is the Nambu-Poisson bracket

{f, g, h} ≡ i

w(y)
ǫijk∂if∂jg∂kh. (5.17)

The action (5.16) can be identified with our supersymmetric reduced model (3.14) with

3-algebra being the Nambu-Poisson bracket (5.17). The supersymmetry transformation

now becomes

δXI = iǭ−ΓIΨ, (5.18)

δΨ = ǫ+ +
i

6
{XI ,XJ ,XK}ΓIJKǫ−. (5.19)

6This gauge condition is appropriate for configurations which break the part of the supersymmetry

generated by ǫ+.

– 9 –



J
H
E
P
0
5
(
2
0
0
9
)
0
7
0

The fermionic shift symmetry with the parameter ǫ+ is identical to (4.3), and the super-

symmetry transformation parametrized by ǫ− is identical to (3.6).

Similar discussions go through in other cases listed in the table 1. D = 5 models are

related with D = 6 model by a (formal) double dimensional reduction. In all cases nθ is

the minimal size of the spinor needed to have super Poincaré algebra and it is twice as big

as the size of the minimal spinor nmin in that space-time dimension and signature. Thus

all super p-brane actions in the table 1 have N = 1, Nmin = 2 target space supersymmetry.

Note that the condition for the existence of the Green-Schwarz type super p-branes (5.7)

coincides with the condition for the existence of the supersymmetric reduced models (3.13)

with nf = nmin and Nmin = 2, as it should be.

6 Summary and future directions

In this paper, we constructed supersymmetric reduced model actions with a symmetry

based on Filippov algebra. These models are natural generalizations of the reduced model

of super Yang-Mills theory. The supersymmetry transformation itself involves the Filippov

algebra structure, and our models compactly exhibit interrelation between supersymmetry

and the Filippov algebra symmetry.

The supersymmetric reduced models were related with what we call Nmin = 2 super

p-brane actions. In rewriting the super p-brane actions in the form of our reduced models,

there was no truncation of the terms of the super p-brane actions. Since our models capture

the aspects of the symmetries in a compact form, they will provide a good guidance for the

issue of relating the multiple M2-brane model with some covariant formalism [11–15]. Our

models have a nice feature that the D-dimensional Lorentz covariance is manifest. This

was due to Nmin = 2 supersymmetry which allowed us to fix the fermionic gauge symmetry

in the Lorentz covariant form (5.11).7 This is in contrast to the multiple M2-brane model

or super p-branes in the light-cone gauge which have similar algebraic structures [20, 21],

and may become an advantage for understanding the structure of the space-time at more

fundamental level. In particular, it will be useful for describing space-time uncertainty

principle covariantly [25].

One of the advantage of reduced models is that the path integral reduces to ordinary

integral and sometimes explicit integration is possible, e.g. [26–28]. Together with the

highly symmetric nature of our models, we may be able to perform the path integral

explicitly and learn quantum aspects of the models with those symmetries.

7While we were completing this work, a paper [24] appeared which proposed a reduced model with

Filippov 3-algebra structure as a covariant formulation of M-theory. Only the bosonic part was constructed

in that paper. Since M-theory has N = Nmin = 1 supersymmetry of eleven dimensional space-time as

opposed to our Nmin = 2 models, one cannot follow our approach in their model. To keep the covariance

under eleven dimensional Lorentz transformation in their model when including terms for supersymmetric

completion, one would need to modify the structure of the model considerably.
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A Gamma matrices and spinors in diverse dimensions

In this appendix we summarize the properties of gamma matrices and spinors in diverse

dimensions. See [29] for more detail.

D dimensional gamma matrices ΓI (I = 1, · · · ,D) satisfy

ΓIΓJ + ΓJΓI = 2ηIJ , (A.1)

where ηIJ is D-dimensional flat metric with ηIJ = diag(

t
︷ ︸︸ ︷

+, · · · ,+,
s

︷ ︸︸ ︷

−, · · · ,−).

Γ†
I =

{

ΓI (I = 1, · · · , t)
−ΓI (I = t+ 1, · · · ,D).

The charge conjugation matrix C is characterized by the property

C−1ΓIC = η′ΓT
I (η′ = ±1). (A.2)

For even D either sign of η′ can be chosen, but for odd D it is fixed to η′ = D(D−1)
2 .

CT = ε′C, C†C = 1, (A.3)

it follows that

ΓI1···IrC = (η′)rε′(−)
r(r−1)

2 (ΓI1···IrC)T , (A.4)

where ΓI1···Ir is totally anti-symmetrized product of gamma matrices with “strength one”.

The rank r of symmetric and anti-symmetric ΓI1···IrC for the relevant cases are listed in

table 2.

To define Dirac conjugation, we introduce

Γ0 ≡ Γ1 · · ·Γt. (A.5)

It satisfies

Γ0Γ
†
0 = 1, Γ†

0 = (−)
t(t−1)

2 Γ0, (A.6)

Γ0Γ
†
IΓ

†
0 = (−)t+1ΓI . (A.7)

Dirac conjugate field ψ̄ of ψ is defined as

ψ̄ = ψ†Γ−1
0 . (A.8)
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Let us introduce following matrix B:

B−1ΓIB = ηΓ∗
I (η = ±1),

BT = εB, B†B = 1. (A.9)

Charge conjugate field ψc of ψ is defined by

ψc = Cψ̄T = Bψ∗. (A.10)

It follows that

B = CΓ∗
0, (A.11)

and

η = η′(−)t+1, ε = ε′(η′)t(−)
t(t−1)

2 . (A.12)

(pseudo-)Majorana spinors ψM satisfy

ψM = Cψ̄T
M = Bψ∗

M . (A.13)

This is possible only when ε = +1 since (A.13) implies BB∗ = 1.

When D is even, we can define ΓD+1 as

ΓD+1 = i(s−t)/2Γ1Γ2 · · ·ΓD, (A.14)

which satisfies

Γ2
D+1 = 1, Γ†

D+1 = ΓD+1. (A.15)

ΓD+1 has following B-conjugation property:

B−1ΓD+1B = (−)(s−t)/2Γ∗
D+1 (A.16)

Weyl spinors ψ± satisfy

ΓD+1ψ± = ±ψ. (A.17)

However this is compatible with the (pseudo-)Majorana condition (A.13) only if

(−)(s−t)/2 = 1, (A.18)

i.e. s− t = 0 mod 4. The values of s− t when (pseudo-)Majorana(-Weyl) spinors exist are

listed in table 3.

– 12 –



J
H
E
P
0
5
(
2
0
0
9
)
0
7
0

D η′ ε′ r of symmetric ΓI1···IrC r of anti-symmetric ΓI1···IrC

4 + − 2,3 0,1,4

− − 1,2 0,3,4

5 + − 2,3 0,1,4

6 + − 2,3,6 0,1,4,5

− + 0,3,4 1,2,5,6

7 − + 0,3,4 1,2,5,6

8 + + 0,1,4,5,8 2,3,6,7

− + 0,3,4,7,8 1,2,5,6

Table 2. The rank r of symmetric and anti-symmetric ΓI1···Ir
C.

η ε s− t mod 8

Majorana + − 1, 2, 8

pseudo-Majorana + + 6, 7, 8

Majorana-Weyl − + 8

pseudo-Majorana-Weyl + + 8

Table 3. The values of s − t where Majorana, pseudo-Majorana, Majorana-Weyl and pseudo-

Majorana-Weyl spinors exist.

B Proof of eq. (3.13)

In this appendix we show eq. (3.13)

D − p− 1 =
1

2
nf (B.1)

follows from eq. (3.10):

(ΓI)
α

β(ΓIJ1···Jp−1)γδΨ
[a1

β Ψ̄a2
γ Ψ

a3]
δ = 0. (B.2)

As in [19], when the fermion Ψa is a complex spinor we define a spinor Υa by

Υa =

(

PΨa

PΨaT

)

. (B.3)

P is a chirality projection if Ψ is a Weyl spinor and the identity matrix otherwise. We

define symmetric matrices ΣI , Σ̃I by

ΣI =

(

0 ΓT
I

ΓI 0

)

, Σ̃I =

(

0 ΓI

ΓT
I 0

)

, (B.4)

which satisfy

Σ̃IΣJ + Σ̃JΣI = 2ηIJ . (B.5)
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We define

Z =

(

1 0

0 1

)

,

(

0 −1

1 0

)

,

(

−1 0

0 1

)

,

(

0 1

1 0

)

, (B.6)

for p = 1 mod 4, p = 2 mod 4, p = 3 mod 4, p = 4 mod 4, respectively.

When Ψa is (pseudo-)Majorana(-Weyl) we define

ΣI = ΓIC, Σ̃I = C−1ΓI , Υa = PΨa, Z = 1. (B.7)

Therefore eq. (B.2) is equivalent to

ΣIΥ
[a1Υa2TZΣIJ1···Jp−1Υa3] = 0, (B.8)

where the square bracket denotes total anti-symmetrization in (p+ 1)-algebra indices and

ΣIJ1···Jp−1 is defined as

ΣIJ1···Jp−1 = Σ[IΣ̃J1 · · · Σ̃Jp−2ΣJp−1] for odd p,

ΣIJ1···Jp−1 = Σ̃[IΣJ1 · · · Σ̃Jp−2ΣJp−1] for even p, (B.9)

where the square bracket denotes total anti-symmetrization in the Lorentz indices. Since

we have doubled the size of the spinors when the fermions Ψ are complex spinors, we can

always go to a real basis by a similarity transformation. Therefore (B.8) is equivalent to

(ΣIP)α(β(ZΣIJ1···Jp−1P)γδ) = 0, (B.10)

where for complex spinors

P =

(

P 0

0 P̃ T

)

(B.11)

with P̃ = P for t even and P̃ = 1−P for t odd for Weyl spinors and P = P̃ = 1 otherwise,

and P = P for (pseudo-)Majorana spinors. Contracting (B.10) with (Σ̃K)βα we obtain

nf (ZΣKJ1···Jp−1P)γδ + 2(ZΣIJ1···Jp−1Σ̃
KΣI

P)γδ = 0, (B.12)

where nf is the spinor size of fermions Ψ counted in real number. From (B.12) we obtain

(nf − 2(D − p− 1))(ZΣKJ1···Jp−1P)γδ = 0. (B.13)

Thus we have obtained eq. (B.1):

D − p− 1 =
1

2
nf (B.14)

as a necessary condition for eq. (B.2) to vanish. One can check that it is also a sufficient

condition.
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The derivation of eq. (5.7) is similar, the main difference is the spinor size nθ of

the space-time spinor field θ and the fact that in (B.10) only three spinor indices are

symmetrized whereas in the case of super p-brane the closure of H leads to a condition

(ΣIP)(αβ(ZΣIJ1···Jp−1P)γδ) = 0, (B.15)

i.e. four spinor indices are symmetrized. From (B.15) one obtains [19]

D − p− 1 =
1

4
nθ, (B.16)

for 2 < p + 1 < D. In all the cases listed in the table 1, nf = nmin and nθ = nmin ×Nmin

with Nmin = 2. The difference of the factors 1
2 and 1

4 in (B.10) and (B.16) is a consequence

of the fact that in (B.10) three spinor indices were symmetrized whereas in (B.15) four

spinor indices were symmetrized. Since the supersymmetric reduced model actions are

obtained after fixing the fermionic gauge symmetry of the super p-brane actions which

reduces the degrees of freedom of θ by half, i.e. nf = 1
2nθ, this difference of the factors is

what it should be.
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